For the non-Hermitian Fritzsch-type mass matrix ( M u , M d ), which is a general expression of quark mass matrices, the rephasing-gauge dependency and δ-dependency (where V ub = |V ub |e −iδ ) of each matrix element M qij (q = u, d; i, j = 1, 2, 3) are investigated. We find that the textures of ( M u , M d ) depend on the rephasing gauge and we can always take M u32 = 0 without losing generality, so that the remaining ten physical parameters in ( M u , M d ) can be expressed by the ten observable quantities (quark masses and CKM matrix parameters). *
Recently, there has been considerable interest [1] in the non-Hermitian Fritzschtype quark mass matrix, i.e., the quark mass matrix with nearest-neighbor interactions (NNI) form:
P (δ) = diag(e iδ 1 , e iδ 2 , e iδ 3 ) ,
where a q , b are real parameters, because of its simple form and generality. (Hereafter, we denote a matrix M which consists of real elements as M .) The form has first been suggested by Fritzsch [2] , and then it has been pointed out by Branco, Lavoura and Mota [3] that any mass matrix (M u , M d ) can be transformed into a mass matrix with the NNI form ( M u , M d ) without losing generality.
In general, the ten observable quantities are obtained by diagonalizing the Hermitian matrix
as follows:
where V is the Cabibbo-Kobayashi-Maskawa (CKM) matrix [4] . For the mass matrix with NNI form, those are given by
where
, and R q are orthogonal transformation matrices. Of the three phases δ Li ≡ δ [ Li] d − δ [ Li] u , the observable quantities are only two. Therefore, the mass matrix with NNI form, ( M u , M d ), has, in general, twelve parameters (5 + 5 + 2). Several authors [1] have tried to relate the twelve parameters to the ten observable quantities, D u , D d and V .
In the present paper, inversely, we try to express the NNI form ( M u , M d ) by the observable quantities only. At present, we know rough values of nine observable quantities (six quark masses and three CKM parameters) except for CP violating phase δ (δ is defined by V ub = |V ub |e −iδ ). Therefore, one of our interests is to see the δ-dependency of each matrix element M qij . It is well known that the CKM matrix V has the degree of freedom of rephasing, i.e., V ′ = P (α)V P † (β) is physically equivalent to V . Hereafter, we call the fixing of α and β "rephasing gauge". In the present paper, we will conclude that although the values of ( M u , M d ) are dependent on the rephasing gauge, we can always take a rephasing gauge in which M u32 = 0. In such the rephasing gauge, M u and M d have four and five parameters, respectively, in addition to a relative phase parameter φ of M u to M d , so that the ten parameters in ( M u , M d ) are sufficient to fix the ten observable quantities. The magnitudes of M dij can be fixed by down-quark masses (m d , m s , m b ) and CKM matrix parameters (|V us |, |V cb |, |V ub |) only, and they are insensitive to the value of CP violating phase δ.
From (1), we obtain
Therefore, if we know a matrix (
where, for simplicity, we have omitted the index q.
On the other hand, if we choose a specific quark basis [5] in which H u is diagonal, the Hermitian matrix (
Since (H u , H d ) has the degree of freedom of the rephasing, each φ ij ≡ arg H dij is not observable quantity, but
The ten observable quantities are given by three parameters in H u ≡ D 2 u , six parameters in H d and one phase parameter φ. Therefore, our task is to find a unitary transformation matrix U which satisfies
For four parameters in U, there are four conditions, i.e., (
0, so that we can fix U when we fix the rephasing gauge. In other words, the matrix U depends on the rephasing gauge. Let us choose a rephasing gauge in which φ 12 = φ 31 = 0. Then ( H u , H d ) is given by
where R is an orthogonal matrix
c ≡ cos θ and s ≡ sin θ. The condition H d12 = 0 leads to
Each element of H d is real, except for H d23 . The element H d23 is given by
Therefore, H d is given by
and
On the other hand, H u = H u is given by
From (19)- (23) and (11), we can obtain the exact form of ( M u , M d ) expressed by the observable quantities only.
In order to obtain the approximate form of ( M u , M d ), we use an approximate expression of the CKM matrix V ,
where λ = |V us |, ρ = |V cb | and σ = |V ub |. Then, we obtain
and we have used the observed relations
we obtain sin φ ≃ y sin δ √ 1 + y 2 + 2y cos δ .
The parameter s = sin θ in R is given by s ≡ sin θ ≃ −ρ 1 + y 2 + 2y cos δ .
Then, H dij are given by
so that we obtain
Note that every value of H dij (and M dij ) is insensitive to the value of δ. The results (30) and (31), of course, satisfy the relations a u c
Finally, we show the numerical results of ( M u , M d ) without the approximation (24), for the case δ = π/2: and φ, is insensitive to the value of the CP violating phase δ.
In conclusion, we have expressed the quark mass matrix ( M u , M d ) with the NNI form in terms of the observable quantities as (32) with (30), (31) and (33). We have found that M u32 and M d32 depend on the rephasing gauge and we can always M u32 = 0 without changing any physical situation. Every | M dij | is insensitive to the value of the CP violating phase parameter δ, so that it can be fixed by the observed down-quark masses and CKM matrix parameters |V us |, |V cb | and |V ub | only. These results will offer a clue to a unified model of quarks and leptons.
